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Abstract. Let G — (gi, • ■ • ,.9ri) be a finitely generated group. Consider tlie 
alphabet A{G) consisting of the symbols gi, - ■ ■ ,gn and the symbols "+" and 
"— ". The words in this alphabet represent elements of the integral group ring 
Z[G]. We investigate the computational problem of deciding whether a word in 
the alphabet A{G) determines a zero-divisor in Z[G]. Under suitable assump- 
tions, we observe that the decidability of the word problem for G implies the 
decidability of the zero-divisor problem. However, we show that in the group 
G — (Z2;Z)'* the zero-divisor problem is undecidable, in spite of the word 
problem being decidable. 



1. Introduction 

Let G = {gi, . . . ,gn) be a finitely generated group. Let A{G) be the alphabet 
consisting of the symbols gi,...,gn and the symbols and "— ". A word w 
in this alphabet determines an element, also denoted by if, of the integral group 
ring Z[G]. In this paper we are interested in the decidability of the following 
computational problems: 

Zero-divisor problem for G. Input: A word w in the alphabet A{G). Problem: 
Is w a, zero-divisor in Z[G]? 

l'^ -zero-divisor problem for G. Input: A word w in the alphabet A{G). Problem: 
Is there v G PG such that wv = 0? 

In Section 3 we prove the following proposition (Proposition 3.2.) 

1.1. Proposition. Let G be a sofic group whose orders of finite subgroups are 
bounded, which fulfills the Atiyah conjecture. Then the decidability of the word 
problem implies the decidability of the l"^- zero- divisor problem. 

We briefly explain the soficity assumption and the Atiyah conjecture in Section 
3. There is currently no group whose orders of finite subgroups are bounded, and 
which is known to be either not sofic, or to not fulfill the Atiyah conjecture. 

1.2. Corollary. Let G be an amenable group whose orders of finite subgroups are 
bounded and which fulfills the Atiyah conjecture. Then the decidability of the word 
problem implies the decidability of the zero-divisor problem. 

Proof. Amenable implies sofic ([Pes08]); by [Ele06] (see [Pap08] for a concise 
proof), being an /^-zero-divisor is equivalent to being a zero-divisor in the group 
ring of an amenable group. □ 

To provide more concrete examples, recall that the class of elementary amenable 
groups is the smallest class of groups containing all abelian and all finite groups and 
closed under taking extensions (e.g. solvable groups are elementary amenable.) 
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1.3. Corollary. Let G be a finitely presented elementary amenable group whose 
orders of finite subgroups are bounded, and which is residually finite. Then the 
zero-divisor problem for G is decidable. 

Proof. Such a group fulfills the Atiyah conjecture [Lin93], and its word problem is 
decidable ([LSOl], pp.195.) □ 

Recall the definition of the lamplighter group Z2^Z := Zf^xZ, where the action 
of the generator t G Z on a function / : Z — )• Z2 is by the shift := /(s — 1). 

Sections 4-6 are devoted to showing the following (Theorem 6.2.) 

1.4. Theorem. The zero- divisor problem in (Z2?Z)^ is undecidable. 

1.5. Corollary. Let G be a group given by the presentation 

{a, t, s I = 1, [t, s] = 1, [t'^at, a] = 1, s~^as = at~^at). 

Then G^ is meta-abelian, all torsion elements are of order 2, its word problem is 
decidable, but the zero-divisor problem for is undecidable. 

Proof. The first three properties follow from [GLSZOO]. For the last property, note 
that if A is a group, S is a subgroup and T G then T is a zero-divisor in 

Z[A] iff it is a zero-divisor in Z[i?] - this follows from the fact that the left action 
of T on Z[y4] preserves the right cosets of Z[i?], and similarly for the right action. 
Therefore the last property also follows from [GLSZOO], since it is proven there 
that Z2^Z embeds into G. □ 

1. Remarks. (1) Given a finitely generated group G = {gi, . . . ,gn), let the torsion 
problem for G denote the computational problem of deciding whether a word in 
the symbols gi, . . . ,gn corresponds to an element of finite order in G. Note that the 
undecidability of the torsion problem implies the undecidability of the zero-divisor 
problem, because for G G, we have that g is of finite order iff 1 — (7 G Z[G] is a 
zero-divisor. However, in groups where torsion elements have bounded orders, the 
decidability of the word problem implies the decidability of the torsion problem, 
and so for both (Z2?Z)^ and G from the corollary the torsion problem is decidable. 

(2) We could formulate the matrix-zero-divisor and matrix-/^-zero-divisor prob- 
lems as above, but with the input consisting of a matrix M G M^i^jG). We 
restrain from this because of the appeal of the concise definition of the alphabet 
A{G). However Proposition 1.1 and Corollaries 1.2 and 1.3 remain true in this 
generalized setting with exactly the same proofs. 

(3) Recently various counterexamples have been constructed to the Atiyah con- 
jecture, starting with [GZOl] (compare [DS02]), through the ground-breaking 
[Aus09], and to the more recent [GralOb], [PSZIO], [GralOa] and [LWIO]. In 
particular it is shown in [GralOa] that the group Z2^Z is a counterexample. For a 
given group G one could consider the following very weak "Atiyah-like" property 
of having "computably small atoms": we say that a finitely generated group G has 
computably small atoms iff there exists a computable function / : N — )■ N with the 
property that for every word w in the alphabet A{G) we have that dimvN ker w 7^ 
iff dim^Nkerw > ji^, where \w\ is the length of w. 

On the one hand. Theorem 1.4 shows that (Z2?Z)^ does not have computably 
small atoms. On the other hand, it follows from the proofs that in the formulations 
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of Proposition 1.1 and Corollary 1.2 we could replace the Atiyah conjecture with 
the property of having computably small atoms. 

Versions of the Atiyah conjecture are known to hold in many cases, see for 
example [Lin93], [LOSIO], [LS07], and the survey in the chapter 10 of [Luc02]. 

(4) It would be interesting to consider other computational problems for the 
language A{G). Note that the T G Z[G] is not an /^-zero-divisor iff it is an 
invertible in the ring of affiliated operators ([Liic02], Lemma 8.8, Chapter 8). One 
could similarly consider the computational problems of being invertible in the 
group ring 7j[G] or in the von Neumann algebra LG. This last problem corresponds 
to the question of whether the property of having a spectral gap around is 
decidable. It would be in particular interesting to give sufficient conditions for the 
spectral gap decidability, similar to Proposition 1.1. 

(5) The exponent in Theorem 1.4 could be lowered from 4 to 3 at the price of 
making the argument slightly more involved: in Proposition 4.1 we would have 
to argue for the foolproofness of a Turing machine without adding the additional 
tape. Furthermore, for the matrix-zero-divisor problem (see remark (2) above) 
we could lower the exponent to 2, since one of the factors comes precisely from 
embedding matrix rings into the group ring of Z2^Z (Lemma 6.1.) This is all the 
author knows about lowering the exponent. In particular it would be interesting 
to consider the zero-divisor problem for the group Z2IZ itself. 

The author wishes to thank Swiatoslaw Gal, Jarek K^dra, Nikolay Nikolov and 
Andreas Thom for valuable remarks on earlier versions of this paper. 

2. Notation and conventions 

The infinite cyclic group is Z, the cyclic group of order n is Z„, the rings of 
integers, rationals, reals, and complex numbers are respectively Z, Q, M, C. 

Rings and operators. Given a ring R, the ring of kx fc-matrices over R is denoted 
by Mk{R). A trace r on i? is a function r: i? — )■ C such that r(a6) = T{ba). If 
i? is a *-ring of operators on a Hilbert space then we also require that t{T*T) is a 
non-negative real number, for all T & R. The standard trace (i.e. sum of diagonal 
elements) on Mfc(C) is denoted by tr, and ^ is denoted by tr^,7v, and referred to 
as von Neumann trace. 

Given a group G the complex group ring and the Hilbert space of Z^-summable 
functions are denoted by CG and Z^G. The basis elements of the later space 
are denoted by (g,g G G. We have an action of CG on I'^G by bounded linear 
operators: it's induced by the action of G on l^G defined hj g ■ (h = Cgh- The von 
Neumann trace on G is defined by tr„Ar(A) := {A(e, Q), where e G G is the neutral 
element. 

If is a *-ring of operators on a Hilbert space, then a trace r on is called 
normal if it extends to a continuous trace on the weak completion of R. A trace 
is faithful if, for every T, t(T*T) = implies T = 0. All the traces defined above 
are faithful and normal. 

If i? is a *-ring of operators on a Hilbert space, r is a faithful normal trace on 
R, and T* = T & R then the spectral measure of T is the usual projection- 
valued spectral measure of T composed with r (it makes sense to evaluate r on 
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spectral projections of T, since the latter are in the weak completion of R). It will 
be denoted by ht- The spectral measure of the set {0} is called von Neumann 
dimension of kernel of T, denoted by dimvNker(T). For a non-self-adjoint T 
we define dimvNker(T) = dimy^ ker(T*T). For more information on the spectral 
measures see [RS80]. 

Graphs. Given a graph K, the sets of vertices and edges of K are denoted by 
V{K) and E{K). If edges are labeled, then for e G E{K) the label of e is denoted 
by /(e). The Hilbert space spanned by V{K) is denoted by l^K; if K is finite then 
the standard and normalized traces on endomorphisms of l^K are - as in the case 
of Mk{R) above, denoted by tr and ii^N- The elements of the standard basis of 
are denoted hy C,v, v & V{K). 

The ball of radius i? at f G V{K) is denoted by Bk{v, R). 

If K is oriented and labeled by complex numbers then the associated convolution 
operator is the unique operator T: ^ l^g such that {T{(x), Cy) is equal to if 
there are no edges between x and y and to sum of all the labels between x and y 
otherwise. 

If G is a group, and (gi) = {gi, ■ ■ ■ ,gn) is a symmetric sequence of elements of 
G (i.e for every g & G the number of times g appears is the same as the number 
of times g~^ appears) which generates G, the Cayley diagram of G with respect 
to ((7i), denoted C{G,gi) is the oriented labeled graph whose vertices are elements 
of G and with an oriented edge with label gi from a to 6 iff agi = b. 

When we refer to elements of a sequence {gi), we mean that for example gi is a 
different element than g2, even if their value is actually the same. 

3. Decidable /^-zero-divisor problem 

Let G be an at most countable discrete group. 

The Atiyah conjecture. For a more detailed discussion of the Atiyah conjecture 
see [EckOO] or [Liic02]. There are various versions of the Atiyah conjecture (com- 
pare Remark (3) in the introduction.) For the purpose of this paper, we say that 
G fulfills the Atiyah conjecture (over Q) iff there exists /c G N such that for every 
T G Mn{Q[G]) any atom of the spectral measure of T has measure expressible as 
a rational number with k as the denominator. We denote by k{G) the minimal 
such k. 

In the usual formulation of the Atiyah conjecture one demands that k{G) is 
equal to the least common divisor of the orders of finite subgroups of G. Of 
course this classical Atiyah conjecture implies the version used here, and hence 
the results stated in the introduction are valid under the classical definition of the 
Atiyah conjecture as well. 

Sofic approximations. For a more detailed discussion of the sofic groups see 
[Gro99], were they were introduced, or the survey [Pes08]. Let G = {gi, . . . ,gn) 
be a finitely generated group. Suppose that {gi, . . . , gn) is a symmetric generating 
sequence. Let i^' be a finite oriented graph labeled by the elements of the sequence 
(gi) in such a way that 1) at every vertex the out- and in-degrees are at most n 
and each of the symbols gi appears at most once as the out- and at most once as 
the in-label; 2) the number of edges labeled by a given gi from f to w is equal to 
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the number of such edges from w to v (and by the previous assumption it is either 
zero or one.) 

For £ > 0, -R > 0, we say that K is an {e, -R)-sofic approximation of G with 
respect to the sequence (gi) if the set 

{v G V{K) : Bk{v,R) is isomorphic to i?c(G,ft)(e, -R)} 

has at least (l—e)- \V{K) \ elements. The group G is sofic iff for every e and R there 
exists an {e, i?)-sofic approximation of G with respect to [gi) (this definition does 
not depend on the choice of the symmetric generating sequence.) A not finitely- 
generated group is defined to be sofic iff all its finitely generated subgroups are 
sofic. 

Given an element T G CG represented by the sum X^ILi ^i9i ^ define 
the graph K{T) by taking K and replacing each label g^ by Oj. The notation is 
abusive, because K{T) might depend on the representation of T as a sum rather 
than on T, but this will not lead to any problems. Define TTxiT) : l'^{K) l'^{K) 
as the convolution operator on K{T). 

Recall that if for every vertex v G K(T) the sum '^^^^ out-edges 

starting at v is at most 1 then 7^k{T) has operator norm at most 1, as an operator 
on 1^{K) (this follows for example from the Minkowski integral inequality, [HLP52], 
paragraph 6.13.) It follows that if X^i ^ 1 (in particular the norm of the 
operator |T| is at most 1) then the norm of 7^k{T) is at most 1. 

Note also that if T is self-adjoint then so is 7rx(T). 

It follows from the spectral theorem that if T G M„(Q[G]) is a positive self- 
adjoint operator of norm at most 1, then 

firm) = lim tr,^(l-T)". 

n^oo 

Given e > 0, for general operators on a Hilbert space there is no way to decide 
how big an n to take, in order for tr^jv(l — T)" to be e-close to the limit. However, 
the situation is better in the case of elements of the group ring of a sofic group. 
The author learned about the following proposition from Andreas Thom. Since 
it does not seem to be in the literature (but compare [Tho08], [ES05], and the 
proof of Lemma 3.179 in [Liic02]), we give a proof based on the proof of the Liick's 
approximation theorem (the latter originally proven in [Liic94].) 

3.1. Proposition. Let G be a sofic group and let T G Q[G] be a positive and 
self-adjoint element whose sum of coefficients is smaller than 1. Suppose that the 
smallest common multiple of the denominators of the coefficients of T is equal to 
C. Then 

|t.(i-rr-M{0})l<^. 

Proof. Let e{n) = Note that e{n'') = Let T = Er=i«i^i; without any 

loss of generality we can suppose that G is generated by the symmetric sequence 
(^fi, . . . , gn). Let Kn be an (^(n), n)-sofic approximation of G for the sequence (gi), 
and let 7r„(T) = 7iK„iT) be the associated convolution operator on P{K). Let fin 
be the spectral measure of T^niT) and let /i be the spectral measure of T (both 
with respect to the relevant von Neumann traces.) 
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In this proof all integrals are over the interval [0,1], unless explicitly stated 
otherwise. 

Claim: For all m.n we have yUm((0, ^)) < e{ri). 

Proof: There exists a polynomial whose coefficients are rational numbers with 
denominators at most Cl^""! , and whose roots are precisely the non-zero eigenvalues 
of 7r^(r). Therefore 

where the product is over non-zero eigenvalues of TTmiT). By estimating the roots 
smaller than ^ by ^, and the rest by 1, we get 

< ( - 



C\Km\ - \nj 
and so 

1 /l\Mm((0,i)) 



from which the claim follows by taking logarithms. 
Claim: For all n we have /^.((O, ^)) < e{n). 

Proof: We first show that for any continuous function / we have 

£^ j f(^) dfimix) = J f{x) d(i{x), 

i.e. that that the measures converge weakly to fi. By Weierstrass approxima- 
tion it is enough to show it for a monomial x". In this case we have 

I J X'^dnix) - J X''dflrn{x)\ ^ \ tv^N - tv^M 7^m{TT\, 

And the right hand side is equal to 

\/rpn/- /- \ ^veV{K 

Suppose m > n. Then apart from e{m) ■ \V{Km)\ vertices, we have (T"Ce,Ce) = 
{'Km{T)'^C,v,Cv) 1 since both quantities depend only on the ball of radius n around 
the relevant vertex. Noting this and estimating both (T^'Cei Ce) and {T^m{T)^Cvi Cv) 
by 1 we get that the above is smaller or equal to 2 • e{m). 

The claim follows from the weak convergence - let 5 be such that ^ — <5]) 
is almost equal to //((O, ^)), and take / to be a continuous approximation of 
the characteristic function of (0, ^) such that /(O) = /(^) — 0) f{x) — 1 for 
x G [5, ^ — 5], and / is linear on (0, 5) and 

We finally prove the proposition, i.e. | tr^jv(l — — dimy^ ker ti{A) | < 3 • e{n). 
The left hand side is equal to 

/ ii-xrdi,{x) = j {i-xTdi,{x) + j (i-xrdi,{x) 

We estimate the first integrand by 1, and the second by (1 — to get that the 
above is equal to at most 
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which by the previous claim and a simple calculation is not bigger than 

£(v^) + (^)v^ <3-e{n). 
e 

□ 

The main point of this section is the following observation. 

3.2. Proposition. Let G = {gi, . . . , Qn) be a finitely generated group. Suppose that 
G is Sofia, fulfills the Atiyah conjecture, and the word problem for G is decidable. 
Then l"^- zero- divisor problem for G is decidable. 

Proof. Let T G Z[G']. Note that T is an /^-zero divisor if and only if the spectral 
measure of T has an atom at {0}. Since at the expense of passing to Q[G] we can 
replace T by ■T*T, where |r| is the sum of the absolute values of the coefficients 
of T, we can as well suppose that T is positive self-adjoint, and the sum of the 
absolute values of the coefficients of T is at most 1. Let C be the least common 
multiple of the denominators of the coefficients of T. If the measure of an atom is 
positive then, by the Atiyah conjecture, it is at least Let n be such that 

3- C 1 
log(n) ^ 3-k{G)' 

Clearly such n is computable. The algorithm should compute tr^7v(l — T)" (this is 
possible because the word problem is decidable). Let the outcome of this compu- 
tation be called 7. By the previous proposition, I7 — dimvNkerT| < 37^^- Since 

we know that dimvN ker T 7^ is equivalent to dimyN ker T > , we get that T 

is a 0-divisor iff 7 > ^^^^^^ . □ 

4. PRELIMINARIES ON TURING MACHINES 

For information on Turing machines see [Sip97] . Given a Turing machine M we 
denote by A{M) and S{M) the alphabet and the set of states of M. The rules by 
which the Turing machine operates are referred to as the "transition table". We 
assume that there are three special states initial, reject and accept in S{M) 
and that the transition table is specified in such way that the state initial cannot 
be entered from any other state, and it is left in the first step of operation. 

For the standard Turing machines (i.e. where there is only one tape and where 
the tape head can both write and read the symbols on the tape), we assume that 
the tape can contain a special symbol empty which is not an element of A{M), 
corresponding to an empty place on the tape. The transition table has to specify 
the behaviour of the machine upon reading the empty symbol. 

We will also consider read-only Turing machines. For these, instead of the 
symbol empty, we demand the existence of the symbol delimiter which also is 
not an element of A(M). We assume that the transition table is such that whenever 
a tape head moves left and afterwards reads the symbol delimiter, its next move 
cannot be to the left; similarly for "right" in place of "left". 

We consider read-only Turing machines with multiple tape heads and with mul- 
tiple tapes. For the former, the instructions in the transition table cannot be 
conditioned on whether two tape-heads are in the same position. 
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By a configuration of a Turing macliine M we mean a triple consisting of a 
tape (or multiple tapes) with symbols written on it, a position of the tape head 
(or tape heads), and a state of M. Initial configuration is a configuration whose 
state is the initial state, and (1) in the case of read-write Turing machines the 
tape consists of infinitely many empty symbols, followed by a word in the alphabet 
A(M), followed by infinitely many empty symbols; (2) in the case of a read-only 
Turing machine each tape is finite and has the form delimiter, followed by the 
word in y4(M), followed by delimiter. In both cases the tape head (resp. heads) 
is assumed to be on the first symbol belonging to A{M) on the tape (resp. each 
tape.) 

We say that a Turing machine M is foolproof iff it halts (i.e. enters the accept 
or the REJECT state) no matter what configuration it is put into before it starts 
operating. Note that this is stronger than saying that M always halts, as we require 
that M halts also on configurations which are not initial (and which in principle 
might not appear in any computation which starts from an initial configuration.) 

We prove a variant of a folklore proposition about read-only Turing machines 
([Sip97], Exercise 5.26). 

4.1. Proposition. There is an algorithm which given a Turing machine M pro- 
duces a read-only Turing machine TZ{M) with two tape heads such that there is a 
word which M accepts iff there is a word TZ{M) accepts. 

Proof. Let M be a Turing machine. We describe the machine TZ{M) in an algo- 
rithmic way. Define A(7^(M)) to consist of the symbol next configuration, 
the elements of S{M) and the elements of A'{M) := {A{M) U empty) x {0, 1}. 

The machine TZ{M) should first check whether the input starts with next con- 
figuration followed by a symbol from S{M), followed by a word in A'{M) fol- 
lowed by NEXT CONFIGURATION followed by... and finishing with next config- 
uration. The machine should also check if each word in A'{M) has precisely one 
symbol which maps to 1 (which should be interpreted as the position of the tape 
head of M). For all this we need just one tape head. 

In the second stage the machine TZ{M) checks whether the consecutive config- 
urations correspond indeed to the consecutive configurations of the execution of 
M. This can be done with two tape heads. 

In the final stage TZ{M) should check whether the accept symbol appears in 
the input. □ 

4.2. Corollary. There is a an algorithm which given a Turing machine M produces 
a foolproof read-only Turing machine J^{M) with three tapes, such that there is a 
word which M accepts iff there is a word which J-'(M) rejects. 

Proof. Let TZ'{M) be the machine TZ{M) from the proposition with exchanged 
accepting and rejecting states. Then produce a machine TZ"{M) on two tapes 
which simulates R'{M) by first checking whether both tapes have the same words 
written on them. 

To assure foolproofness add the third tape. Call its tape head H^. For each 
pair of states a, r G S{TZ"{M)) add a new state D{a,T). If the transition table 
of 7^"(M) for a state a e S{n"{M)) and symbols si,S2,S3 G A(7^"(M)) on the 
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consecutive tapes requires changing the state to r, then in the transition table for 
J-{M) require changing the state to D{a, r). 

In each of the states D{a,T), the machine J-'{M) moves to the right, and 
moves to the accepting state if H^, reaches the end of the input, and to r otherwise. 

□ 



5. Embedding a Turing machine in a group ring 

A more detailed example of associating an element of a group ring to a Turing 
machines is in [GralOb], Section 5. We quote some definitions from there. 

Let {X, fi) be a probability measure space and p : T r\ X he a, right probability 
measure preserving action of a countable discrete group F on X. A dynamical 
hardware is the following data: (X, /i), the action p, and a division X = UILi^j 
of X into disjoint measurable subsets. We denote such a dynamical hardware by 
(X). 

Suppose now that we are given a dynamical hardware (X) and we choose three 
additional distinguished disjoint subsets of X, each of which is a union of certain 
Xj's: the initial set /, the rejecting set R, and the accepting set A (all or some 
of them might be empty). Furthermore, suppose that for every set Xj, we choose 
one element ji of the group F in such a way that the elements corresponding to 
the sets Xj which are subsets of RU A are equal to the neutral element of F. A 
dynamical software for a given dynamical hardware (X) is the following data: 
the distinguished sets J, A and R and the choice of elements ji, subject to the 
conditions above. 

Define a map Tx : X — X by 

Tx{x) := p{ji){x) for x G Xj. 

The whole dynamical software will be denoted by (Tx). A Turing dynamical 
system is a dynamical hardware (X) together with a dynamical software {Tx) for 
(X). We will denote such a Turing dynamical system by (X, Tx). 

If a; e X is such that for some k we have Tx(x) = Tx'^'^{x) then put T^(x) : = 
Tx{x). Otherwise leave Tx undefined. 

The first fundamental set, or simply the fundamental set of (X, Tx) is the 
subset J-'i(Tx) of I consisting of all those points x such that T°°(x) G A and for 
no point y E X one has Txiy) = x. It is measurable ([GralOb]), and therefore we 
define f2i(Tx), the first fundamental value of (X, Tx), as the measure of the 
first fundamental set. 

We say that (X, Tx) stops on any configuration, if for almost all x we have 
Tx{x) E AVJ R] it has disjoint accepting chains, if for almost all x G J-*! we 
have that for all y & J^i the inequality T°°(a;) ^ T'^{y) holds; finally it does not 
restart, if /i(Tx(X) n /) = 0. 

Suppose now that (X, p) is a compact abelian group with the normalized Haar 
measure and the action of F is by continuous group automorphisms. Denote 
the Pontryagin dual of X by X and consider the rational group ring 



X 



3jS Hi 



subring of L°°(X) through the Pontryagin duality. Suppose that the characteristic 
functions Xi of the sets Xj are elements of Q X 
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Put G := X x-r and define T,S e Q[G] by T := Er=i HXi and 

S := (T + XX - XI - Xa- XrT{T + Xx-Xi-Xa- Xr) + Xa- 
We use the following theorem from [GralOb] (Theorem 4.3.) 

5.1. Theorem. If{X, Tx) stops on any configuration, has disjoint accepting chains, 
and doesn't restart, then dim^^v leers' is equal to — VLiiTx)- 

The main result of this section is the following proposition. 

5.2. Proposition. There is an algorithm which given a foolproof read-only Turing 
machine M on three tapes produces a finite group H{M) and an element T{M) 
o/Z[(Z2?Z)^ X H{M)] in such a way that there exists a word which M rejects iff 
dim^jvker T(M) ^ 0. 

Proof. We algorithmically associate to M a Turing dynamical system which fulfills 
the conditions of Theorem 5.1, in such a way that Qi{Tx) is smaller than yu(J) iff 
there is a word which M rejects. 

Let n be the smallest natural number such that |S'(M)| < 2". Consider the 
group S := Zg. Choose any [^(M)! non-zero elements of it and label them with 
the elements of S{M). For any pair of states a, r G S{M) choose an automorphism 
7((j, r) e GL{S) which sends a to r. 

Let m be the smallest natural number such that |A(M)| + 1 < 2™ and let 
A := Z™. Choose any |A(M)| non-zero elements of it and label them with the 
elements of A{M). Label all the other elements of A with the delimiter symbol. 

We define a dynamical hardware. For the compact abelian group we take X = 
(Hz •^)^ X <S- For r take Z^ x GL{S). Each coordinate of Z^ acts by the Bernoulli 
shift on the appropriate coordinate of (Hz -^Yy and GL{S) acts in the natural way 
on S. 

We use the following notation for the subsets of X = (Hz ^ '5, motivated 
by thinking about the latter as the configurations of a Turing machine with the 
alphabet A and the set of states S. The set {[{xi,yi, Zi), s] & X : xq = a,yo = 
b, zq = c, s = a} is denoted by 

a 



the set {[{xi,yi,Zi 
a} is denoted by 



s] E X : Xq = a,x. 



a', yo = b, y_i = b\ zq = c, z_i 



c , s 



a a 

b'b \(T\ 

c'c 

and so on. The set {[(xj, yi, Zi),s] E X : s = a} is denoted by [] [a]. The notation for 
particular elements from the above sets is analogous, but the elements of (Hz '^)^ 
are written in curly, instead of square, brackets. 

To finish the description of a dynamical hardware we need to specify a division 
of X. We start with the division 



X 



U 



a,b,c(^A,cr£S 



a 

b 
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and replace each 



a 
b 
c 



[initial] by two sets: 



DELIMITER a 

DELIMITER 6 
DELIMITER C 



INITIAL 



and its complement. 

It is a standard calculation using the Pontryagin duality to check that the char- 



acteristic functions of the sets above are all elements of ' 



X 



Now we define the dynamical software. The Initial set / is the union of 

[initial] 



DELIMITER a 
DELIMITER 
DELIMITER C 



over all a, 6, c G A(M), the Accepting set is defined to be A = [] [accept] and the 
Rejecting set is the union of [] [reject] and all the sets [] [a] , where a E S — S' 

DELIMITER a 

The assignment of elements of F is as follows. On a set 



(M). 



DELIMITER 6 
DELIMITERS 

a,b,c E A, cr E S{M) we act with 7(0", r), where r is such that the transition table 
of M requires changing the state to r when being in the state a and encountering 
the symbols a, b, c on respectively the first, second and third tape. Everywhere 
else (i.e. ior a E S — S{M)) we act with the identity element of F. 

The system just defined stops on any configuration because M is foolproof. It 
does not restart because of the assumption about M that it is impossible to enter 
the state initial and that the state initial is left immediately. 

Finally it has disjoint accepting chains because of the following observation. 
Let X be an element of the first fundamental set. In particular on all three 
tapes it is of the form (DELIMITERa). Since with probability 1 there is an- 
other DELIMITER sign on each tape, we can as well assume that x is of the form 
(delimitero . . . delimiter), with no delimiter symbol in ". . .". The subsequent 
iterations of Tx evaluated on x "move the underlining" on the tapes, but they 
cannot move it beyond the delimiter symbols. Thus whatever is the image of x 
in the accepting set, we can recover from this image the original configuration x. 
This means, that the accepting chains are disjoint. 

Define H{M) :— xi GL(Z^), where the semi-direct product is with respect to 
the Pontryagin-dual action. The previous theorem gives us an operator S{M) G 
Q[(Z^^Z)3 X H{M)] such that dim^Nker5(M) = //(/) - ^^{Tx). However the 
right-hand side is precisely the measure of those points in 



delimitero, 
delimiter 6 
delimiter c 



initial 



which are mapped by some iteration of Tx to [] [reject]. Given a word which 
T{M) rejects, we can produce a set of positive measure of such x's. Conversely, 
a set of positive measure of such x's must contain a configuration which contains 
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DELIMITER symbols both to the left and to the right of the underlining symbols, 
and so we can produce from it an input which is rejected by J-'(M). 

Fnally we note that Zg^Z is isomorphic (in an algorithmic fashion with respect 
to n) to a subgroup of Z2?Z. □ 

6. The end game 

6.1. Lemma. There exists an algorithm which given n produces an embedding in 
of the matrix algebra M„(Q) into the group ring Q[Z2?Z] of the lamplighter group 
such that ti^N oin = tr. 

Proof. Let Xj ^ Q[Z2?Z] be the Fourier transform of the characteristic function 
of 0]. Define Eij := f-^Xj e Q[Z2?Z]. It is enough to check that 

Em ■ Eij = 61 ■ Ekj. Note 

Eki ■ E,, = t'-'xi ■ f-'Xj = t'-'xi ■ X^f~\ 
which is non-zero iff i = /; in this case it is equal to 

as claimed. The statement about the traces follows by noting that the measure of 
the set [0 1^-^ 1 1""^' 0] is equal to □ 

6.2. Theorem. The zero-divisor problem for the group (Z2?Z)^ is not decidable. 

Proof. We show that if this was not the case then we could produce an algorithm 
which given a Turing machine M decides whether there exists an input which M 
accepts. The latter problem is well-known to be undecidable (see [Sip97].) 

Starting with M, we can algorithmically produce the read-only foolproof ma- 
chine J-'{M) on three tapes from Proposition 4.1 with the property that there 
exists a word which M accepts iff there exists a word which J-'(M) rejects. 

Now, thanks to Proposition 5.2 we can algorithmically produce a finite group 
H{7{M)) and 

T(J^(M)) G z[{Z2lZf X H{T{M)) 

such that dimvN ker T(J-'(M)) 7^ iff there exists a word which J-'(M) rejects. 

But note that Z[(Z2?Z)=^ x H{J^{M))] is isomorphic to Z[(Z2?Z)3](g)Z[i7(J^(M))]. 
Furthermore, the von Neumann trace corresponds to the product of von Neumann 
traces. However, Z[if(J-'(M))] can be algorithmically embedded into Mfc(Q) in a 
von Neumann trace-preserving fashion, by using the left regular representation; so 
by the previous lemma Z[if(J-'(M))] can be algorithmically embedded in Q[Z2?Z] 
in a way which scales the von Neumann trace. 

Therefore, we get the induced embedding of 

Z[(Z2?Z)3 X H{J^{M))] ^ Q[(Z2?Z) 

which scales the von Neumann trace; the latter implies that if we denote the 
image of T{T{M)) by T(M) then dim^N ker T(J^(M)) ^ iff dim^N ker T(M) ^ 
(compare Section 6 in [GralOb] for more details on the last two paragraphs.). 

Thus far we have algorithmically produced an element T(M) G Q[(Z2?Z)^] such 
that there exists a word which M accepts if dimvN ker T(M) 7^ 0. By clearing 
the denominators we can just as well assume T{M) G Z[(Z2?Z)^]. Now, since 
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(Z2?Z)^ is an amenable group, dinivN ker T(M ) 7^ is equivalent to T(M) being a 
zero-divisor in Z[(Z2?Z)^], so if the zero-divisor problem for (Z2?Z)'* was decidable 
we could use it do decide if there is a word accepted by M. 

□ 
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